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ON THE GEOMETRY AND TOPOLOGY OE PARTIAL CONEIGURATION 
SPACES OE RIEMANN SUREACES 


BARBU BERCEANU, DANIELA ANCA MACINIC, §TEEAN PAPADIMA', 
AND CLEMENT RADU POPESCU^ 

Abstract. We examine complements (inside products of a smooth projective complex 
curve of arbitrary genus) of unions of diagonals indexed by the edges of an arbitrary sim¬ 
ple graph. We use Orlik-Solomon models associated to these quasi-projective manifolds 
to compute pairs of analytic germs at the origin, both for rank 1 and 2 representation va¬ 
rieties of their fundamental groups, and for degree 1 topological Green-Lazarsfeld loci. 
As a corollary, we describe all regular surjections with connected generic fiber, defined 
on the above complements onto smooth complex curves of negative Euler characteristic. 
We show that the nontrivial part at the origin, for both rank 2 representation varieties and 
their degree 1 jump loci, comes from curves of general type, via the above regular maps. 
We compute explicit finite presentations for the Malcev Lie algebras of the fundamental 
groups, and we analyze their formality properties. 
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1. Introduction and statement of results 

Let r be a finite simple graph with eardinality n vertex set V and edge set E. The 
partial configuration space of type T on a space E is 

(1) F(E, Y) = {zeiy I z; ^ Zj, for all ij e E}. 
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When T = K„, the complete graph with n vertices, F(E, F) is the classical ordered con¬ 
figuration space of n distinct points in 2. In this note, we analyze the interplay between 
geometry and topology, when 2 = Sg is a compact genus g Riemann surface, with partial 
configuration space denoted F(g, F), with special emphasis on fundamental groups. The 
partial pure braid groups of type F, in genus g, P{g,T) = 7ri(F(g, F)), are natural gen¬ 
eralizations of classical pure braid groups, which correspond to the case when F = A'„ 
and 2 = C. When the graph is not complete, the classical approach to pure braid groups 
based on Fadell-Neuwirth fibrations does not work in full generality. Nevertheless, we 
are able in this note to compute rather delicate invariants of arbitrary partial pure braid 
groups, using techniques developed in [1 1, 18]. 

Viewing 2^ as a smooth genus g complex projective curve, F(g, F) acquires the struc¬ 
ture of an irreducible, smooth, quasi-projective complex variety (for short, a quasi- 
projective manifold). For such a quasi-projective manifold M, important geometric infor¬ 
mation is provided by maps onto manifolds of smaller dimension. Particularly interest¬ 
ing are the admissible maps in the sense of Arapura [2], i.e., the regular surjections onto 
quasi-projective curves, f : M ^ S, having connected generic fiber. The admissible 
map / is called of general type if;t(‘^) < 0- We know from [2] that the set of admissible 
maps of general type on M, modulo reparametrization at the target, denoted S’{M), is 
finite and is intimately related to the so-called cohomology jump loci ofn \= nfM). 

When M = F{g, F), it is relatively easy to construct certain admissible maps of general 
type on M, associated to complete graphs embedded inT, f : ^ T; see Section 2. 

For g ^ 2, the relevant m equals 1 and f : F[g, F) —> 2^ is induced by the projection 
specified by the corresponding vertex i e V. For g = 1, the relevant m is 2 and fj : 
F(1,F) ^ 2i\{0} is given by the projection corresponding to ij e E, followed by 
the difference map on the elliptic curve 2i. For g = 0, the relevant m equals 4 and 
fju : F(0,F) ^ PM0,1,(»} is the composition of the cross-ratio with the projection 
associated to the vertex set of the embedded K 4 . Our first main result, proved in Section 
2, establishes that there are no other admissible maps of general type on M = F{g, F). 

Theorem 1.1. A complete set of representatives for S’ {F{g, F)) is given by the admissible 
maps of general type described above. 

A basic topological invariant of a connected finite CW-complex M related to its coho¬ 
mology jump loci is the Malcev Lie algebra of the fundamental group n := nfM), cf. 
[11]. The Malcev Lie algebra m(;r) of a group, over a characteristic zero field k, defined 
by Quillen in [21], is a complete k-Lie algebra, whose filtration satisfies certain axioms, 
obtained by taking the primitives in the completion of the group ring kTr with respect to 
the powers of the augmentation ideal. 

Following Sullivan [23], we will say that a finitely generated group n is l-formal if 
its Malcev Lie algebra is isomorphic to the completion with respect to the lower central 
series (Ics) filtration of a quadratic Lie algebra L (i.e., a Lie algebra presented by degree 1 
generators and relations of degree 2): Tn(7r) ~ L. l-formal groups enjoy many pleasant 
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topological properties, see for instance [12]. The 1-formality of classical pure braid 
groups and pure welded braid groups also has strong eonsequences in the corresponding 
theories of finite type invariants, as shown in [4], 

In Seetion 3, we eompute the Maleev Lie algebras of partial pure braid groups and 
determine preeisely when they are 1-formal, as follows. Our next main result extends 
computations done by Bezrukavnikov [5] (for g ^ 1 and F = K„) and Bibby-Hilburn 
[6] (for g ^ 1 and ehordal graphs). Moreover, in our presentations below redundant 
relations have been eliminated, for g ^ 1. 

Theorem 1.2. The Malcev Lie algebra m(P(g,r)) is isomorphic to the Ics completion 
of a finitely presented Lie algebra, L(g, T), with generators in degree 1 and relations in 
degrees 2 and 3, described in Proposition 3.2 for g = 0 and Proposition 3.4 for g ^ 1. 
The group P{g,F) is not l-formal if and only if g = I and the graph F contains a Kj, 
subgraph. 

Now, we move to our unifying theme: the interplay between the geometry of a quasi- 
projeetive manifold M, encoded by a smooth eompaetification M, and the embedded 
topological jump loci of M. We start by recalling a couple of relevant definitions and 
facts related to the topologieal side of this story. Fix q e Z>o u {oo}. We will say that 
M is a g-finite spaee if (up to homotopy) M is a eonneeted CW-eomplex with finite 
(^-skeleton, whose (finitely generated) fundamental group will be denoted by n. Let 
I : G ^ GL(y) be a morphism of eomplex linear algebraie groups. The assoeiated 
characteristic varieties (in degree i ^ 0 and depth r ^ 0), 

(2) r;(M, l) = {pe Hom(;r, G) | dim HfM, ,pV) ^ r} , 

are Zariski closed subvarieties (for i ^ q) of the affine representation variety Hom(.T, G), 
for whieh the trivial representation provides a natural basepoint, 1 e Hom(;7r, G). These 
cohomology jump loci are ealled topological Green-Lazarsfeld loci for r = 1. They 
were introdueed in the rank one ease (i.e., for l = idcx) in [14], for a smooth projeetive 
complex variety M. In the rank one case, we simplify notation to Note that, in 

general, Yf (M, t) := yf (n, l) depends only on n, for all r. 

We go on by deseribing the infinitesimal analogs of the above notions, following [11]. 
Let (A *, d) be a complex Commutative Differential Graded Algebra with positive grading 
(for short, a cdga). We will say that A* is g-finite if A° = C • 1 and XiLi dim A' < oo. 
Let 0 : g —> gl(y) be a finite-dimensional representation of a finite-dimensional complex 
Lie algebra. The affine variety of flat connections, ^(A, g), eonsists of the solutions 
in A^ (g) g of the Maurer-Cartan equation, has the trivial fiat connection 0 as a natural 
basepoint, and is natural in both A and g. For m e .^(A, g), there is an assoeiated 
covariant derivative, doj : A* (x) V A*+^ (x) V, with = 0, by flatness. The resonance 
varieties 


0) = {(u e ^ (A, g) | dim//'(A (x) V, d^j ^ r) 


(3) 
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are Zariski closed subvarieties (for i < q). We use the simplified notation in the 

rank one case (i.e., when 0 = idc). 

We say that the cdga A* is a ^-model of M (and omit q from all terminology when 
^ = oo) if A* has the same Sullivan ^-minimal model as the DeRham cdga f2*(M), cf. 
[23]. In particular, H'{A) ~ as graded algebras, when A is a model of M. 

The link between topological and infinitesimal objects is provided by Theorem B from 
[11]. Assume that both A and M are <?-finite and A is a ^-model of M. Denote by 6 the 
tangential representation of l. Then, for i ^ q and r ^ 0, the embedded analytic germs 
at 1, i)(i) c Hom(;7r, G)(i), are isomorphic to the corresponding embedded germs 

at 0, .^((A, 0)(o) c ,^(A,g)(o). Moreover, by Theorem A from [11], if ;7r is a finitely 
generated group then the germ Hom(;7r, G)(i) depends only on the Malcev Lie algebra 
m(;7r) and the Lie algebra of G. 

Finally, assume that M is a quasi-projective manifold and M = M\D is a smooth 
compactification obtained by adding at infinity a hypersurface arrangement D in M (in 
the sense of Dupont [13]). Then there is an associated (natural, finite) Orlik-Solomon 
model A'{M,D) of the finite space M, constructed in [13]. It follows from Theorem 
C in [11] that this model A determines which is in bijection with the positive¬ 

dimensional irreducible components through the origin, for both ^\{A) and 

When M = F{g,Y), we may take M = and Dr = U^se ^<7 union of the 
diagonals associated to the edges of the graph). We prove Theorem 1.1 by computing 
the irreducible decomposition of ^1{A), for the Orlik-Solomon model A = A{M,Dy). 
When g = 1 and T = K„, the result follows from a more precise description of all 
positive-dimensional components of obtained by Dimca in [10]. Given a 1- 

finite 1-model A of a connected CW-space M, we show in Theorem 3.1 that the Malcev 
Lie algebra m(7ri(M)) is isomorphic to the Ics completion of the holonomy Lie algebra 
of A, introduced in [18]. This general result is the basic tool for the proof of Theorem 
1.2, where M = F{g,Y) and A = A{M,Dy). 

SL 2 (C)-representation varieties received a lot of attention, both in topology and al¬ 
gebraic geometry. In order to describe their germs at 1 for partial pure braid groups, 
together with the embedded germs of associated non-abelian characteristic varieties (in 
degree 1 and depth 1), we use their infinitesimal analogs, described above. Let 0 : g —> 
gl(y) be a finite-dimensional representation of g = 5I2 or 50I2, the Lie algebra of SL2(C) 
or of its standard Borel subgroup. To state our next main result, we need two definitions 
from [18]. Denote by ^^(A, g) c ^(A, g) the flat connections of the form o) = q 0 g, 
with dq = 0 and g e g, and set n(A, 0) = {co e ,^'(A, g) | det0(g) = 0}. To have a 
uniform notation, denote by / : F(g, T) ^ 5 = S\F the admissible maps from Theorem 
1.1, where 5 = 2^ and F S is a finite subset (in particular, a hypersurface arrange¬ 
ment in S). To avoid trivialities, we will assume in genus 0 that {F{g, F)) AO. (The 
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complete deseription of T)) may be found in Lemma 2.3; what happens in gen¬ 

eral with the embedded topologieal Green-Lazarsfeld loei in degree 1 of M at the origin, 
when bi (M) = 0, is explained in Seetion 4.) 

Theorem 1.3. In the above setup, there is a regular extension of f, f : (M, D) —> 
{S,F), for all f e S := S{F{g,T)), where D is a hypersurface arrangement in M 
with complement F{g,Y), which induces cdga maps between Orlik-Solomon models, 
f* : A'{S ,F) A'{M,D), with the property that 

(4) ^{A'(M,D),q) = ,^\A'(M,D),Q)vj[jr^{A'(S,F),f) /or g = 5 I 2 or 50 I 2 , 

feS 

and 

(5) Afl{A-(M,D),e) = U{A-(M,D),e) u \J r,^{A\S, F),q) , 

feS 

for any finite-dimensional representation 0 : g —> gI(V). 

This shows that, for partial configuration spaces on smooth projective curves, the non¬ 
trivial part at the origin, for both SL 2 (C)-representation varieties and their degree one 
topologieal Green-Lazarsfeld loei, ’’eomes from curves of general type, via admissi¬ 
ble maps”. (The contribution of these curves, f*^{A'{S ,F), g), was eomputed in [18, 
Lemma 7.3].) A similar pattern is exhibited by quasi-projeetive manifolds with 1-formal 
fundamental group, of. [18, Corollary 7.2]. The geometrie formulae from Theorem 1.3 
seem to be quite satisfaetory, sinoe in genus 1, where non-1-formal examples appear (of. 
Theorem 1.2), the purely algebraio deseription from [18, Proposition 5.3] (obtained by 
assuming formality) may not hold, as we explain in Example 4.6. 

2. Admissible maps and rank one resonance 

We devote this seetion to the proof of Theorem 1.1. Our strategy is to oompute the 
irreduoible deeomposition of ,^J(A(g, T)), where A*(g, T) is the Orlik-Solomon model 

of M := F{g,r) = M\Dy from [13], M = and Dr = UiyeE ^ij- ^ byproduet, we 
obtain a eomplete deseription of the irredueible eomponents through 1, for the rank one 
charaeteristie variety (D(g, T)), as explained in the Introduetion. 

The Dupont models A'{M, D) are defined over Q and generalize Morgan’s construc¬ 
tion of Gy sin models from [19], which corresponds to the ease of a simple normal eross- 
ing divisor D. Among other things, the models of Dupont are natural with respeet to 
regular morphisms / : (M,D) {M',D'), in the following sense. When the regu¬ 

lar map f : M ^ M' has the property that / {D') c D, it induces a regular map 
/ : M\D M'\D', and a cdga map /* : A'{M',D') A'{M,D). Plainly, a graph 

inelusion / : E T (i.e., / embeds V' into V and E' into E) induees by projeetion a 
regular morphism / : (E^, Dp) Dn), and a cdga map f* : A*(g, E) —> A*(g, T). 
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Moreover, A*(g, F) = A*(g, F) is a bigraded cdga with positive weights, in the sense of 
Definition 5.1 from [11], The lower degree, called weight, is preserved by cdga maps 
induced by graph inclusions. A simple example: A*(g, 0) = {H'{'Eg"),d = 0). 

Now, we recall from [11, 18] a couple of facts about rank 1 resonance, needed in the 
sequel. Let A* be a finite cdga. For ^ e A^ 0 C = A\ the Maurer-Cartan equation 
reduces to = 0. Thus, .0(A, C) is naturally identified with H\A) c since 
A° = C • 1. By definition, A?I(A) = {^ e ti^{A) \ H^{A,d^) A 0}, where d^rj = dp + ^p, 
for p e A^. Clearly, ^%\{A) depends only on the truncated cdga A^^ := A*/ ©02 A', and 
(A) = 0 when (A) = 0. We will use the following consequence of Theorem C 
from [11], applied io M = F(g,F) and A = A(g,F). 

Theorem 2.1. For a quasi-projective manifold M with finite model A having positive 
weights, S[M) is in bijection with the positive-dimensional (linear) irreducible compo¬ 
nents ofAf\{A), via the correspondence f e (M) 1 -^ c H^(A). 

The maps from Theorem 1 . 1 are constructed in the following way. For a subset V' c 
V, we denote by pr^, : F(g, F) ^ F{g,V) the regular map induced by the canonical 
projection, pr^, : Sj ^ Sj , where F' is the full subgraph of F with vertex set V'. For 
an elliptic curve Si, let S : (Sj, A 12 ) ^ (Si, {0}) be the regular morphism defined by 
S{zi,Z 2 ) = Zi — Z 2 - In genus 0, the regular map p : F(0, .^^ 4 ) —> P'\{0,1, 00} is defined 
by p{z\,Z 2 ,zj„zf) = Q'(z 4 ), where a e PSL 2 is the unique automorphism of P' sending 
Zi,Z 2 ,Z'i to 0, 1,00 respectively. For g ^ 2 and / : .^fi ^ F, corresponding to i e V, 
set f := pr; : F(g, F) —> S^. For g = 1 and f : K 2 ^ T, corresponding to ij e E, 
set fij := 6 o : F(1,F) —> Si\{0}. For g = 0 and / : .^^4 F, with vertex subset 
{ijkl} c V, set fiju :=po pr^^^, : F(0, F) ^ P^\{0, 1, 00 }. 

Lemma 2.2. The above maps, f, fj and fjki, are admissible, of general type. 

Proof In coordinates, p(zi,Z 2 , 23 , 24 ) = p(0,1, °o,z) = z. Obviously, the 

maps p : Ff),Kf) P^\{0, l,oo}, 6 : F(l,.^f 2 ) ^ nnd the projections pr^ : 

F(g, F) ^ F(g, (where * stands for i or ij or ijkl and | * | is 1,2 or 4) are regular and 

surjective. The general type condition is also clear: the spaces P^\{0,1, 00 } ~ 5' v 5' ^ 
Si\{0} have Euler characteristic —1 and;^"(Zg) ^ —2 for g ^ 2. 

In order to finish the proof, we show that all the fibers are connected. Let us denote by 
any of the maps f, fj, fiju and by the restriction of /,= to F{g, Kf ^ F{g, F). The 
fiber ^( 2 ) is dense in ff^{z) (fix one or two or four points and move the other points 
outside the diagonals Zp = zf), so it is enough to show that the fibers of are connected. 
The fibers of 6 and p are path-connected: 

£1 ^ 5 -^ 2 ) c F{1,K2), F{0,Kf ^p~\z) c F{0,K,). 

The fibers of (p^ are path-connected as preimages of path-connected spaces through the 
locally trivial fibrations pr^ : F{g,K„) ^ F(g, A'|,„|) (| * | = 1,2 or 4) with path-connected 
fibers F(Eg\{z,,},F„_|^l). □ 
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We recall from [13, §6] the complete description of the cdga for A := A{g, F). 
We set //* := //*(Zg), with = C-to and with canonical symplectic basis (for g ^ 1) of 
//', ... ,x^,y^}, with xy = co, for all 5. We know from [13] that A* is generated 

as an algebra by (with weight equal to degree) and G := span{G,-y | ij s E} (with 

degree 1 and weight 2). The bigraded cdga map /* : A*(g, F') ^ A*(g, F), associated to 
/ : F' F, is determined by the canonical inclusions, (//*)®'^' (//*)®'^ and G' ^ G. 

For i e V and g ^ 0, we set f*a) := a>i and, for g ^ 1, f*x^ := x) and f*y^ := y^., for all 
s. The structure of the truncated algebra A'^^ = A^^(g, F) is described by 

. Al . 

• A 3 = A} (X) G modulo the relations (in genus g ^ 1) (x) — xp ( 8 ) Gij and (y) — 
yp ( 8 ) Gij, for 5 = 1,..., g, /y e E 

• A 4 = /\^ G modulo the relations Gjk a Gik — Gij a Gik + Gij a Gjk, for / : ^3 ^ F; 
note that A 4 = OS^(Alr), the degree 2 piece of the Orlik-Solomon algebra [20] 
of the associated graphic arrangement of hyperplanes in 

• d{A\) = 0; d{Gij) = m,- + coj + SPy- ® xj - x^ (x) yp e Aj when g ^ 1 and 
d{Gij) = oji + (Oj when g = 0 

• /i : /\^ G ^ A 4 is the quotient map (exactly as in the graded algebra OS*(^r)) 

• n : ^ ^2 cup-product in the cohomology ring 

• /i : A} (X) G ^ A^s the quotient map 

(the lower indices of /, x, y, (o, G show the position in the cartesian or tensor product; the 
same convention will be used in Section 3 for a, b, z, C). 

Lemma 2.3. In degree one, we have the following: 

(1) If g = 0, then (F’(0, F)) = 0 if and only if every connected component o/F is 
a tree or contains a unique cycle and this cycle has an odd length. 

(2) Ifg ^ 1, then H\F{g,Y)) = H\^) A 0. 

Proof Due to the fact that A is a model of F(g, F), we have 

(F(g, F)) = A} © ker(rf : A\ -> Ap = (Zp © ker(J : G ^ //pZj)). 

We can split the differential according to the connected components of the graph F = 
UF(a), V = uV((t), G = UG(Qf): 

ker(J : G ^ //pSp) = ©„ker(J : G{a) 

so we give the proof for a connected graph F. 

For g ^ 1 , the coefficient of yl ©x^ in the differential of y = ;eE k jGij is tij, therefore 

d : G ^ lfi{Yifg) is injective. 
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For g = 0, y = Xi/yeE ^ cocycle if and only if the coefficient of coi in d{y) is 

zero, i.e. 

( 6 ) ^ tij = 0, for any / e V . 

I O'sE 

This system of equations has n equations and |E| unknowns; if;t(r) = n — |E| <0, one 
can find a non-trivial solution, hence &i(F( 0 , F)) ^ 1 . IfAf(r) ^ 0 , we have to analyse 
only two cases (since F is connected): 

Case a: = 1. In this case F is a (finite) tree, hence it has a vertex i of degree 1; 

one of the equations in the system ( 6 ) is tij = 0 and induction on |V| applied to the tree 
F\{/} shows that the system has only the trivial solution (the induction starts with n = 1, 
when G = 0). 

Case b: = 0- In this case F ~ 5 ^ contains a unique cycle Fq and, possibly, some 

branches; starting with a vertex of degree 1 , we can eliminate these branches (if any), 
like in the previous case. The system is reduced to the equations corresponding to the 
vertices of Fq, say 1,2,...,/: 

= 0 , i= 1 ,..., / (mod /). 

We get a non-zero solution (a, —a, a,..., —a) only for I even. □ 



/^i(F(0,Fi)) =0 


Example 2.5. Every edge is marked with its coefficient in an arbitrary cocycle; the un¬ 
marked edges have coefficient 0. 


F2 : 



/^i(F(0,F2)) = 3 


Remark 2.6. More generally, let S be an arbitrary complex projective manifold of di¬ 
mension m ^ 1. The full configuration space F{'Z,Kn) has a remarkable cdga model, 
when m = 1, E'{Y.g,n) = A'{g,K„) (see e.g. [3] for details and references 
related to these models). As a graded algebra, E’(l.,n) is generated by and 

G := span{G,'/ \ I ^ i < j ^ n}, taken in degree 2m — 1. Denote by EE'(l,,n) the 
graded subalgebra of £'*(2, n) generated by G. It is shown in [3] that, when 2 A 2o, the 
restriction of d to EE^{l,,n) is injective. This more general result gives an alternative 
proof of Lemma 2.3(2). 










PARTIAL CONFIGURATION SPACES 


9 


Proposition 2.7. When g ^ 2, is the irreducible decom¬ 

position. 


Proof. The inclusion c (A(g, T)) is an obvious consequence of Theo¬ 

rem 2.1 and Lemma 2.2. For the proof of the opposite inclusion, we start with a non-zero 
cohomology class ^ in (A) and a J^-cocycle rj ^ C ■ f: 


f + q^y^, q = + v^) -f 


(from Lemma 2.3(2), ^ has no component in G). For an arbitrary q, the differential 
d^q = dq + f ■ q belongs to these two components are: 


A^ 

^3 


diji 


CO: 


^ijeEOj 

+ diJi) 


+ coj + Xsiy- © X'i 






^ ^ yp) + + v^yp 

Gij)=f-y. 


xf 


We will show that the G-component of the J^-cocycle q, y = 'LijeEtijGij, is 0. Oth¬ 
erwise, there is an edge ij with t^ A 0. Since the annihilator of Ghk is the span of 
{x'l — xl,yl — ypi^iscg, the vanishing of the Apcomponent of d^q implies that ^ is re¬ 
duced to 

f = XsP\xt-x^) + Xsq\yi-y^) 

and also that y has only one non-zero coefficient L (we can normalize it: qj = 1). In Ap 
if h A i, j, the coefficients of © x^ x^ © y^ y^ © x^ and y^. © y)^ should be 0 , hence 
ul = vl = 0 for any h A i, j and any s. Hence, the Apcomponent of d^q is reduced to 


coi AcojA^s {y-®x] - x'i ©yp + (Z,p" (x/ - xp + (y ■ -yP) • 2 . (m ■ x^ + m]x]+ v^y/+v]yp; 

the coefficients of the following elements in the canonical basis of A? are 0: 


cOi X. © y^ y^ © X^. x[ © x] 

1 + i:,pV. - I^sq'u^. - 1 + pW^j A q^ul 1 + q^u) A pW^- p’'u] + p^u\. 

We show that this system has no solution. By the symmetry (p, x) <-> {q,y), we can 
suppose that there is an index s such that p^ A 0; if some p'' = 0, the second equation 
(for s ^ r) implies that u] A 0 and from the last equation we get p^ = 0, a contradiction. 
If all the coefficients p^ are non-zero, the last equation (for s = r) implies that, for any s, 
u^j = —u^. and the third equation shows that 1 — q^u^. -F pW^. = 0, for any s. Adding these 
g equations we find g + - 'Lsq'u^^ = 0, and, comparing with the first equation, we 

obtain g = 1, again a contradiction. 

Therefore, 7 = 0; the non-vanishing of (A, d^) is equivalent to: 

d^q = f-q = 0,q^C-f. 

This implies that f e ,d = 0). We infer from the Kiinneth formula for 

resonance [17, Proposition 5.6] that^ e im//'(/), for some i e V. 

In conclusion, = [J^gy im//p/) is a finite union of linear subspaces. Since 

clearly there are no redundancies, this is the irreducible decomposition, as claimed. □ 
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Proposition 2.8. When g = 1, .^J(A(l,r)) = irreducible de¬ 

composition, ifE A 0. Otherwise, M\{A{\,Y)) = {0}. 

Proof. Suppose that E = 0. As mentioned before, A(l, 0) = {/\{xi,yi),d = 0), and it 
is well known that the resonanee variety of an exterior algebra is redueed to 0 . 

Suppose that E is non-empty. Given a non-zero eohomology class ^ e 

^\{A) (see Lemma 2.3(2)), we may find 77 = 'LiUiXi 'LiViji -P 'LijeEtijGij such that 
d^T] = 0 and rj ^ C ■ We may also suppose that there is one coefficient tij A 0 
(otherwise we are in the previous case). Now we can apply the argument given in the 
proof of Proposition 2.7: there is only one non-zero coefficient L and ^ e Ann(G,j), 
hence^ = p{xi — Xj)-\-q{yi—yj). On the other hand, it is obvious that(/y) (z) = Zi — Zj, 
forze//H 2 i\{ 0 }_) =H\X^). 

We conclude, like in the proof of Proposition 2.7, that M\{A) = U/ysE im H\fij) is 
the irreducible decomposition, in this case. □ 

Proposition 2.9. When g = 0 and //^(A(0, L)) = 0, .^J(A(0, L)) = 0. 

When //*(A(0,r)) A 0, ,^J(A(0,r)) = {0} u is the irreducible decom¬ 

position, where the union is taken over all K/^-subgraphs ofT with vertex set [ijkl], and 
{0} is omitted when Y contains such a subgraph. 

Proof. If //^(A(0,r)) = 0 and ^ e fi\{A), the definitions imply that dop = dp = 0, for 
some p e A^. From this we get p = 0, which shows that (A(0, F)) = 0. 

From now on, we assume (A) A 0. For any ^4 F on vertices z, j, k, I, let us 

denote by Rjjki H^{A) the 2-dimensional subspace {a(G,y -f Gu) + b{Gik + Gji) + 
c{Gjk + Gil) I a A b A c = 0}. When F = K 4 ., we find that //^(A(0, A' 4 )) = Rn 34 , by 
solving the system ( 6 ). The map (fjki) is injective, since fju is admissible. Therefore, 
imH\fiju) = Rijkh 

The inclusion (A) ^ {0} u l^Rijki follows from Theorem 2.1 and Lemma 2.2. 
Since plainly there are no redundancies in the above finite union of linear subspaces, we 
are left with proving that .^J(A)\{0} c To achieve this, we will also need to 

consider, for any .^^3 F on vertices i,j,k, the linear subspace Ryt 'A G = OS'(Alp) 
defined by Rijt = {aGij -t- bGjk A cGik \ aAbAc = 0}. 

If ^ e .^j'(A)\{0} c G\{0}, then d^ = 0 and there is 77 e G\C • ^ such that d^p = 
dp A ^-p = 0 E AI ©A 4 , or, equivalently, dp = 0 and ^ • 77 = 0 e OS^(Alr)- In particular, 
^ e A^l{OS'{Ar),d = 0)\{0}. It follows from [22, §3.5] that either^ e Rijk for some 
A'a F, or ^ e Rijti for some K 4 ^ F. 

The first case cannot occur, since clearly nker(J) = 0, by ( 6 ), and we are done. □ 

Theorem 2.1 and Lemma 2.2, together with Propositions 2.7-2.9, prove Theorem 1.1 
from the Introduction. In the genus 0 case, the implication ”//' (A(0, F)) = 0 F has 
no A' 4 -subgraphs” is provided by Lemma 2.3(1). 
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3. Malcev completion and formality 

We continue our analysis of partial pure braid groups with the proof of Theorem 1.2. 
Their Malcev Lie algebras are computed with the aid of the holonomy Lie algebras of 
their Orlik-Solomon models, A *(g, T). 

We will also consider a weaker notion of 1-formality: a finitely generated group n is 
filtered formal if its Malcev Lie algebra m(7r) is isomorphie to the Ics eompletion of a Lie 
algebra presentable with degree 1 generators and relations homogeneous with respeet to 
braeket length. We reeall that the free Lie algebra on a vector space, L*(Vk), is graded by 
braeket length. In low degrees, L^(W) = W, and the Lie bracket identifies with 

A' iv. 

We are going to make extensive use of the following eonstruetion, introduced in [18, 
Definition 4.2]. The holonomy Lie algebra of a 1 -finite cdga A, I)(A), is the quotient 
of L(A^*) by the Lie ideal generated by im{d* + jj*), where d : ^ (respectively 

yu : the differential (respeetively the product) of the cdga A^^, and 

(■)* denotes vector space duals. This Lie algebra is funetorial with respect to cdga 
maps, and has the following basin property. (A result similar to our theorem below was 
proved by Bezrukavnikov in [5], under the additional assumption that A* is quadratic as 
a graded algebra; note that this eondition is not satisfied in general by finite cdga models 
of spaces, in particular by the models A*(0, T).) 

Theorem 3.1. If A is a l-finite \-model of a connected CW-space M, then minfiM)) is 
isomorphic to the Ics completion o/f)(A), as filtered Lie algebras. 

Proof. Our approach is based on a key result obtained by Chen in [7] and refined by 
Hain in [15]. This result provides the following description for the Malcev completion 
of ;r := ;ri(M), over a characteristic zero field k, in terms of iterated integrals and bar 
constructions. ^ 

Consider the complete Hopf algebra Ibr, where the completion is taken with respect 
to the powers of the augmentation ideal of the group ring kTr. The complete Lie algebra 
m(;r) is the Lie algebra of primitives, Plai, endowed with the induced filtration, defined 
by Quillen in [21, Appendix A]. On the other hand, let B'{A) be the differential graded 
Hopf algebra obtained by applying the bar functor to the augmented cdga A*, where the 
augmentation sends A + to 0 and is the identity on A° = k-1; seee.g. [15, §1.1]. The dual 
Hopf algebra, //°B(A)* = Hom]k(//°B(A),k), is a complete Hopf algebra, with filtration 
induced from the bar filtration of //'’B(A); see [15, §2.4]. 

Next, let f : A' ^ A" be an augmented cdga map inducing an isomorphism in H' 
for i ^ 1 and a monomorphism in (for short, / is an augmented 1—equivalence). 
If H^\A') = k • 1, we claim that the induced map, H^B{f)*: H^B{A")* —> H^B{A')*, 
is a filtered isomorphism. Indeed, a standard argument based on the Eilenberg-Moore 
spectral sequence (like in Proposition 1.1.1 from [15]) shows that H^B{f) induces an 
isomorphism at the associated graded level, with respect to the bar filtrations, which 
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clearly implies our assertion. The fact that A* and have the same Sullivan 1- 

minimal model, implies hy rational homotopy theory [23] the existence of two 
augmented 1-equivalences, A' and Q*(A/). Here, both A* and are 

canonically augmented, as above, since A° = = k ■ 1, and the augmentation of 

Q*(M) is induced by the basepoint chosen for (M), as in [15]. 

It follows from [15, Corollary 2.4.5] that integration induces an isomorphism between 
kTT and as complete Hopf algebras. This leads to the aforementioned descrip¬ 

tion of the Malcev Lie algebra: rrt(;r) ~ PH^B(A)*, as complete Lie algebras. 

Now, we claim that we may assume that A* is of finite type, i.e., all graded pieces 
are finite-dimensional. Indeed, the canonical cdga projection. A* ^ A^^, is clearly a 
1-equivalence. Hence, A^^ is also a 1-model of M, by [23]. It is equally easy to check 
that i : k ■ 1 © A^ 0 (im((i) -f im(//)) A^^ is a cdga inclusion and a 1-equivalence. 

Therefore, we may replace A'^^ by the above finite type sub-cdga, without changing the 
holonomy Lie algebra, as claimed. 

We may thus consider the dual cocommutative differential graded coalgebra, A. : = 
A**. By the standard duality between the bar construction for cdga’s and the Adams 
cobar construction C for cocommutative differential graded coalgebras [1], the complete 
Hopf algebras H^B{A')* and HqC{A.) are isomorphic. In concrete terms, the Hopf alge¬ 
bra HoC{A,) is easily identified with the quotient of the primitively generated tensorial 
Hopf algebra on Ai, by the two-sided Hopf ideal generated by + //*), and the 

completion is taken with respect to the descending filtration induced by tensor length. 

Denote by q(A) the quotient of the free Lie algebra L(Ai) by the Lie ideal generated 
by im(— +M*)- The above discussion shows that the complete Hopf algebras H^B{A)* 
and t/q(A) are isomorphic, where U is Quillen’s completed universal enveloping algebra 
functor from [21, Appendix A]. 

Plainly, — id: Ai Ai induces an isomorphism between the Lie algebras q(A) and 
I)(A). We infer that m(;r) ~ PUl){A), as complete Lie algebras. 

Finally, let f) be a Lie algebra, and consider the canonical Lie homomorphism from 
[21, Appendix A], k: ^ PUi). By [21, A3.9 and A3.11], k sends the Ics filtration of 
f) into the Malcev filtration of PUI), inducing an isomorphism at the associated graded 
level. Passing to completions, we infer that x : f) ^ PUI) is a filtered Lie isomorphism. 
We conclude that rn(;;r) ~ f)(A), as filtered Lie algebras, thus finishing our proof. □ 


When M = F(g, T) and A = A(g, T), setL(g, T) := f)(A(g, T)). We will denote, for 
g ^ 0, the basis dual to {Gij}ijeE and {<x>i}ie\i by {Cij}ijeE and {z,}fev respectively. For 
g ^ 1, the basis dual to {xpy- | 1 ^ < n, 1 < 5 < g} will be denoted {a^, b^^}. 

Proposition 3.2. The Malcev Lie algebra m(P(0, F)) is isomorphic to the Ics comple¬ 
tion o/L(0, F), where the Lie algebra L(0, F) is the quotient of the free Lie algebra on 


{Cij}ijeE by the relations 

(7) 
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H C„ (i E V) 

h O'sE 


(8) 

[Cij, Cki] {ij, kl e E) 

(9) 

[Cij, Cjk] (if jk e E and ik ^ E) 

(10) 

[Cij Cjk, Cik] (d) jb, ik G E) 


In particular, the group P{0, F) is always l-formal. 

Proof. We consider the following canonical basis in (A^)*: 

{Zi}(sV Cl \Cij A Ckl}ij,kleE {Cij A Cjk}ik^E G {C,y A Cik,Cij A Cjk\ij,ik,jkeE 

(in the product Qy a Cu we take j>i<k< I, j¥=k, I and in the last set we take 
i < j < k, see [5]). Dualizing d and p, where 

dGij = coi + coj, p{Gik A Gjk) = Gij a Gjk — Gij a Gik , 

we obtain the defining relations in the last row of the table (in the last two columns 
i< j < k): 



Zi 

/e V 

Cij A Ckl 

card]/, j, k,l} = A 

Ci j /\ Cjk 

{ik ^ E) 

Cij A Cik 

ij, ik, jk e E 

Cij Cjk 
ij, ik, jk e E 

d* 


0 

0 

0 

0 


0 

[Cij, Ckl] 

[Cij, Cjk\ 

[Cij -f Cjk, Cik] 

[Cij + Cik, Cjk] 


(7) 

(8) 

(9) 

(10) 

(10) 


From the last two relations we obtain [Cik + Cjk, Cij] = 0, hence the relation (10), where 
i, j, k are arbitrarily ordered. □ 


Remark 3.3. By [19, Corollary 10.3], if the quasi-projective manifold M has the van¬ 
ishing property in degree 1 W\_H^{M) = 0, then nfM) is l-formal, where W. denotes 
Deligne’s weight filtration [8, 9]. According to [8, 9], W\H^{M) = 0 whenever M ad¬ 
mits a smooth compactification M with bfM) = 0. Hence, F(0,r) is actually l-formal 
in this stronger sense. 


Proposition 3.4. For g ^ 1, the Malcev Lie algebra m(/’(g,r)) is isomorphic to the 
Ics completion of L{g,T), where the Lie algebra F(g, F) is the quotient of the free Lie 
algebra on {a^., b^.} by the relations 


(11) 

Cij := [alb^j] = 

(12) 

Cij = 

(13) 

[a%b{] = [a^j,b‘i] 


{a),b'j\ {Mi ^ j ,\ls,t) 
0 (iy^E) 

= 0 (V/ < j,ys ^ t) 
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[a -, a‘j\ = [b% b‘j] =0 {\/i ^ j 


(14) 


(15) 


i;c,7-x;w,a'] (ieV) 

j s 


(16) [al, Qj] = [bl, Cij] = 0 (yk^ i, j, 'is) 

In particular, L{g, F) is generated in degree 1 with relations in degrees 2 and 3, and 
consequently the group P{g, F) is always filtered formal. 


Proof. The canonical basis in (A^)* contains the list in the proof of Proposition 3.2 and 
also (with indices 1 < i < j n,\ s,t g,k i, j) 


{a'l (X) a), a- i 




I a), b- (X) M} u {al (x) Cij, bl 


' 6 ^ 0 '’ 


Cij, bl (X) Cij}. 


To dualize d and p, the relevant relations are 


dGij = coi + coj + Z,(y) (S>x)-xl(S> y}), 

p{xl A yl) = cOi, p{xl A y}) = xl®y], p{yl a xj) = y} (8) xj (/ < j), 
p{xl A xj) = x) (X) xj, p{yl A y‘) = yl®y} {i < j), 
p{xl A Gjk) = x) (X) Gjk, p{yl A Gjk) = a" (X) Gjt, 

p{xl A Gij) = xl (X) Gij = p{x) A Gij), p{yl a Gij) = y} ® Gtj = p{y) a Gij). 


The defining relations are obtained in the last row of the following table. The indices in 
columns 4 and 5 satisfy i < j < k (for any Cpq in the table, pq e E, and the entries in 
columns 6 and 7 are to be replaced by 0 in the second row, when ij ^ E): 


0 

1 

2 

3 

4 

5 


Zi 

ie V 

Cij A Ckl 

card)/, j, k,l} = 4 

Ci J A Cjk 

{ik i E) 

Cij A Cik 
ij, ik, jk e E 

ij, ik, jk e E 

d* 

'^j.ijeECij 

0 

0 

0 

0 



[Cij, Cki 

[Cij, Cjk\ 

[Cij + C Jk, Cik] 

[Cij + Cik, Cjk 


(15) 

(17) 

(20) 

(19) 

(19) 


6 

7 

8 

9 

10 

11 

12 

13 

al (X) M 

bl (X) a) 

al (X) a) 

bl (X) b) 

al (X) Cij 

K (8) Cij 

al (X) Cij 

bl (X) Cij 

i < j 

i < j 

i < j 

i < j 

k ^ i, j 

k ¥= i, j 

i < j 

i < j 

—dstCij 

dstCij 

0 

0 

0 

0 

0 

0 

[‘I’Wil 

m.<\ 


W.b'J 

[a^, Cij] 

KCj} 

[al + a), Cij] 

[*,’ + 

(11-13) 

(11-13) 

(14) 

(14) 

(16) 

(16) 

(18) 

(18) 


Note that, when ij e E, in the relations (11) C,y is the dual of Gij. The relations (16) 
are obtained in columns 10 and 11 for ij e E and, otherwise, are a trivial consequence of 
(12). It remains to prove that the relations (11)-(16) imply the following list 

(17) [Cij, Cu] = 0 (if cardji, J, k, /} = 4) 
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(18) [at + a], Ctj\ = [bt + b], Cij\ = 0 (Vi ^ j, V^) 

(19) [Cij + Cjk, Qk] = 0 (if ij, iK jk e E) 


(20) [Cij, Cjk] = 0 (if i j, jk e E and ik ^ E) 

The first relation is obvious: 


[Cij, Cu] = [Cij, [al, bt]] =0 (by (11) and (16)) . 


The seeond equation eornes from the equalities 

[at,Cii] = [at,i:,Cik] (by (16)) 

= [at,i:iWi,a‘^] (by (15)) 

= [at,[bt,at]] (by (13) and (14)) 

= [Cij, at] (by (11) and (14)) 

(by symmetry, we get [bt + b^, Cij] = 0). 

Using (18), we can finish the proof as follows: 


[C,-, -t-C,-,,C,-,] = [[at,b^j] + [al,b^j],Ci,] (by (11)) 

= [[at + at, b'j], Cik] = 0 (by (16) and (18)) 

and finally (20) may be established as follows: 

[Cij,Cj,] = [Cij,[at,bl]] (by (11)) 

= [[Cij,a^j],bt] (by (16)) 

= -[[Cij,at],bt] (by (18)) 

= ~[Cij,[at,bl]]=0 (by (16), (11) and (12)). 


□ 


Example 3.5. Note that filtered formality is strictly weaker than 1-formality, as shown 
by the Torelli group in genus 3, which has cubic, non-1-formal Malcev Lie algebra, cf. 
Hain’s work from [16]. 

Proposition 3.6. Suppose that either g ^ 2, or g = 1 and T contains no K^. Then the 
group P{g, T) is l-formal. 

Proof. The cubic relations (16) follow from the quadratic relations: if g ^ 2, take t ^ s', 
then 

[at, Cij] = [at, [at,b'j]] =0 (by (11), (13) and (14)); 
if g = 1 and, say, ik ^ E, we find 

[a\, Cij] = [a\, [a],b]]] = 0 (by (11), (12) and (14)). 

□ 

Proposition 3.7. If g = \ and T contains a subgraph, then the group P(l,r) is not 
l-formal. 
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Proof. When g ^ 1 and / : F F is arbitrary, note that ^ 

extends to a graded Lie surjeetion, : L*(//i(Ep) -» L*(//i(Sg')), whieh preserves the 
graded parts of the defining Lie ideals (11)- (16). Furthermore, the eanonical injeetion 
/j : extends to a graded Lie monomorphism, /| : L*(//i(Ej')) 

L*(//i(Zp), whieh preserves the eubie relations (16). Therefore, the 1-formality of 
/’(l,r) would imply the 1-formality of P( 1 ,^ 3 ), in eontradietion with [12, Example 
10.1]. □ 

Remark 3.8. It follows from Proposition 2.7 and [17, Proposition 5.6] that, when g ^ 2, 
M\{A'{g,Y)) = ,^j(//*(2j)), for any graph r. Nevertheless, Tn(P(g,F)) 9 ^ Tn(;7ri(zp), 
if E 7 ^ 0. Indeed, assuming the contrary we infer from [23] that the spaces F(g, F) 
and Eg have isomorphic decomposable subspaces in the cohomology ring, in degree 
2: Z)//2(i7(g,F)) ~ Plainly, D//2(2p = The description of the 

Orlik-Solomon model A*(g,F) from Section 2 readily implies that DPp-{F{g,Y)) = 
H^{'L'^)/dG. By Lemma 2.3(2), the above two vector spaces DH^ have different dimen¬ 
sions if E A 0, a contradiction. 

4. Non-ABELIAN REPRESENTATION VARIETIES AND JUMP LOCI 

Finally, we analyze germs at 1 of rank 2 non-abelian representation varieties and their 
degree one topological Green-Lazarsfeld loci for partial pure braid groups, via admis¬ 
sible maps and Orlik-Solomon models, and we prove Theorem 1.3. In this section, 
G = SL 2 (C) or its standard Borel subgroup, with Lie algebra g = 5 I 2 or 50 I 2 . Key to our 
computations is the well-known fact that [A, B] = 0 in g if and only if rank{A, 5} < 1. 

If S = 5\F is a quasi-projective curve, where S is projective and F c 5 is a 
finite subset, then (5, F) is the unique smooth compactification of S. For a quasi- 
projective manifold M, it is known that there is a convenient smooth compactification, 
M = M\D, where Z) is a hypersurface arrangement in M, which has the property that 
every admissible map of general type, f : M ^ S, is induced by a regular morphism, 
/ : (M, D) {S ,F). These in turn induce cdga maps between Orlik-Solomon models, 
denoted f* : A*(5, F) ^ A'{M, D). By naturality, we obtain an inclusion 

(21) ^(A*(M,D),g)^,0i(A*(M,D),g)u \J f ^{A\S, F),q) . 

feS{M) 

For any finite-dimensional representation 0 : g —> gI(V), we also know from [18, Corol¬ 
lary 3.8] thatn(A,0 c 3f\{A,e), if H\A) A 0. 

Let {/ : F* ^ A*} be a finite family of cdga maps between finite objects. 

Proposition 4.1. Assume that Fl^{A) A 0. For every f, suppose that B’ = B'f^, 
x{H\Bf)) < 0 and f is a monomorphism. If Xf\{A) = [J^ im//'(/) and (21) holds 
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as an equality for the family [f \ B' ^ A'], then 

(22) (A, 6 ) = n(A, 0) u U g), 

/ 

for any finite-dimensional representation 0 : g ^ sK^)- 

Proof The inclusion The fact that n(A,0) c df\{A, 6 ) is due to the assump¬ 
tion //'(A) ^ 0. The equality t%l{Bf,9) = g) follows from [18, Proposi¬ 

tion 2.4], since 5* = 5^^ and xiH'{Bf)) < 0. Lemma 2.6 from [18] implies that 
f*t%l{Bf, 6 ) c ^l(A,d), since / is injective in degree 1. To verify the inclusion ”c”, 
pick CO e <^I(A, f*^(Bf, g). We infer from (21) that co = q® g, with dq = 0 

and g e g. Theorem 1.2 from [18] says then that there is an eigenvalue A of 6 {g) such 
that Aq e ^I(A). If det0(g) ^ 0, then A ^ 0. Since dS\{A) = IJ^ im//*(/), we deduce 
that q = f*qf, for some / and some qf e H'^{Bf). Hence, f*{qf (8) g) e ^{A, g). The 
injectivity of / forces then qf ® g e ^[Bf,f). This implies that oo e f*A^{Bf,f), a 
contradiction. Consequently, co e n(A, 9), and we are done. □ 

Let A be a finite model of the finite space M. If bi (M) = 0, then it follows from 
[21] that m(;ri(M)) = 0. Theorems A and B in [11] together imply then that both 
germs Hom(7ri(M), G)(i) and ^{A, g)(o) contain only the origin. Furthermore, bi(M) = 
0 implies that >)'(M,i)(i) = t%l{A,9)(o) = 0, cf. [11, Theorem B] and [18, (15)]. 
For a quasi-projective manifold M with bfiM) > 0, it follows from [11, Example 5.3] 
that we may always hnd a convenient compactification (by adding at inhnity a normal 
crossing divisor) which satishes all hypotheses from Proposition 4.1 , for the family {/* : 
A'{S ,F) A'{M,D)]f^g(^M), except possibly the last assumption. 

In this way, we infer from Remark 3.3 and Proposition 4.1 that the genus 0 case of 
Theorem 1.3 becomes a consequence of the following general result. 

Theorem 4.2. If bfiM) > 0 and W\H^{M) = 0, then equality holds in (21), for a 
convenient compactification with normal crossings and for g = 5 I 2 or 50 I 2 . 

Proof For every / e S{M), note that //*(/) : H'{S) —> H'{M) is injective (see e.g. 
[11, Example 5.3]). Our vanishing assumption on implies that H^{M) = 0, 

cf. [8,9]. Hence, Wi//i(S) = 0. 

Let A* := A'{M,D) be the Gysin model, and assume that = 0. Then 

A^ = A 2 , by [19]. Set Z\ := H^{A) c A^, and denote by A^ c A'^^ the sub-cdga with 
d = 0 dehned by A° = Q ■ 1, A^ = Z\ and A| = p{/^ Z\) c A^. Note that ^(A^) c A\. 
We infer that the cdga inclusion l : A^ A^^ is a 1-equivalence, i.e., it induces an 
isomorphism in Pl^ and a monomorphism in Pl^. On the other hand, it follows from the 
definitions that the variety ^{A, g) depends only on the co-restrictions of J : A^ A^ 
and p : /\^ A^ —> A^ to the subspace im((i) -1- im(//) c A^, for any cdga A and any Lie 
algebra g. Therefore, we have an inclusion P : ^(Az, g) c ,^(A, g). 
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Since l is a 1-equivalence, it follows from Theorem 3.9 and §§7.3-7.5 in [11] that 
^ g) and ^{A, g) have the same analytic germs at 0. Now, we recall from [11] that 
both cdga’s, A and Az, have positive weights, and the associated -actions preserve 
the varieties ^{Az, g), ^{A, g) and the origin 0. This implies that all irreducible com¬ 
ponents of ^{A, g) pass through 0, and similarly for ^{Az, g). This in turn is enough 
to infer that actually ^{Az, g) = ^(A, g), since the germs at 0 are equal. Moreover, 
^(Az, q) = (//*(A), g), by construction. 

The equalities ,F(A*(M,Z)),g) = ^{H\M),q) and ,F(A*(5,F), g) = ^{H\S),q) 
are clearly compatible with the natural maps induced by / : {M,D) {S,F), for any 

/ e (F{M). Plainly ^^{A'{M,D),q) depends only on H^(M) and g. Thus, we may 
replace in (21) A*(M,Z)) by {H'{M),d = 0) and A*(5,F) by {H'{S),d = 0). In this 
way, our claim reduces to the equality proved in [ 18, Corollary 7.2(55)]. □ 

In positive genus, we are going to describe explicitly the convenient compactifications 
from Theorem 1.3, and check that all hypotheses from Proposition 4.1 hold for the as¬ 
sociated families of cdga maps, {/* : A*(5,F) —> A'{M,D)}feS'{M), except the last 
assumption. 

When g ^ 2, M := F(g,Y) = is a convenient compactification: for i s V, 

the regular morphism:= pq : (Sj, Dp) ^ extends the admissible map: 

F(g, T) ^ Eg from Lemma 2.2. By Lemma 2.3(2), (A(g, T)) 7 ^ 0, for g ^ 1. Clearly, 

5* = and X (FI'(Bf)) < 0, for any/e (f’(M), since 5* = {FI'{'Zg),d = 0). It is easy 

to check that /* : A*(g, T') ^ A*(g, T) is injective in degree . < 2, for any / : T' T 
and g ^ 0. Finally, the assumption on ,^j'(A(g, T)) in Proposition 4.1 follows from 
Proposition 2.7. 

In genus g= l,M:=F(l,r) = 2y\Dr is again a convenient compactihcation. For 
ij e E, denote by pq^ : (Zy, Dp) ^ (Zp the regular morphism induced by projec¬ 
tion. Let 6 : K 2 ) (2i, {0}) be the regular morphism induced by the difference 

map of the elliptic curve Zi. Then clearly the regular morphism /y := 6 o pr^y extends 
the admissible map /y : F(1,F) 2ii\{0} from Lemma 2.2. For any / e 

B' = A*(Zi, {0}) = B^^ is given by 5^. = C ■ 1, 5^ = span{x,y,g} and Bj. = C- O. 
The differential is given by dx = dy = 0 and dg = O, and the multiplication table 
is xg = yg = 0 and xy = O. The hypotheses on BJ from Proposition 4.1 are clearly 
satished. It follows from naturality of Orlik-Solomon models [13] that 6 *x = xi — X 2 , 
^*y = yi ~ yi, and 6 *g = G 12 . In particular, 6 * : A*(Zi, {0}) A*(l,^ 2 ) is injective, 

which proves the injectivity of B' A" for any / e Finally, the assumption on 

,^|(A(1,F)) in Proposition 4.1 follows from Proposition 2.8, when E 7 ^ 0. Otherwise, 
the claims in Theorem 1.3 follow from [18, Corollary 7.7]. 

By virtue of Proposition 4.1 , we have thus reduced the proof of Theorem 1.3 in positive 
genus to checking that (21) holds as an equality for the families {/* : A*(5,F) 
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A'{M, -D)}/e^(m) described above. To verify this equality, we will use another basic 
property of the holonomy Lie algebra of a cdga A, proved in Proposition 4.5 from [18]. 
This result allows us to naturally replace the variety of flat connections ^{A, g) by the 
variety of Lie homomorphisms, HomLie(f)(^), s), and ^^{A, g) by HomLie(l)(^), g) : = 
{ip e HomLie(I)(^), 8 ) I dimim(^) ^ 1 }. 

Proposition 4.3. If ip ^ HomLie(f)(^(l,r)), g)\HomLig(l)(^(l,r)), g), there is ij e E 
such that ip e f*. HomLie(I)(^(2i, {0})), g). 

Proof. For g ^ 1, the holonomy Lie algebra l)(^(g 5 r)) is isomorphic to the Lie algebra 
L{g, T) from Proposition 3.4. By (14), a morphism ip e HomLie(f)(^(l, 0), g) satisfies 

[ip{ai),ip{aj)\ = [ip{bi),ip{bj)\ = 0, 

therefore ip is defined by two elements v, w e g and two n-vectors = (a,), jS* = ifii)'■ 

ip{ai) = aiV, ip{bi) = fiiW. 

Equation (11) implies that {aifj - ajj3i)[v, w] = 0. If ip ^ Hom[ig(I)(A(l, T)), g), we have 
A 0, /3^ A 0 and [v, w] A 0, hence xdink{a^,l5^} = 1. Equation (15) is equivalent to 

2y[a,-,&y] = Iy[ay,Z?,] =0 (i £ V); 

together with relation (14), these imply that are central elements, therefore 

their images £,q;/V, 'LfijW are 0. In particular, at least two components of a* (and the 
same components of jS*) are non-zero. 

We will show that cr* and jS* have exactly two non-zero components. Relations (11) 
and (16) imply that, for any three distinct indices z, j, k, 

auaipjlv, [v, vp]] = pkafijlw, [v, w]] = 0 . 

The two brackets [v, [v, w]], [vp, [v, vp]] cannot be both 0 (otherwise rankjv, w} = 1); if 
[v, [v, vp]] A 0, we have (for any three indices) akafij = 0, which proves our claim 
(similarly if [vp, [v, vp]] A 0). 

We infer that ip must be of the form 

(23) ip{ai) = av, ip{af} = -av, ^(a*) = 0, ip{bi) = jSvp, ip{bj) = -/3w, ip{bk) = 0, 

with a,/3 A 0 (where k A i, j). Therefore, ij e E, by (12). 

The description of A*(Zi,{0}) implies, by a straightforward computation, that the 
Lie algebra I)(A(2i, {0})) is the quotient of the free Lie algebra L(x*,y*,g*) by the 
relation g* -I- [x*,y*] = 0, where {x*,y*,g*} is the basis dual to {x,y, g}. There¬ 
fore, I)(^(2u{0})) = L(A*,y*). Moreover, the description of the action of 6 * and 
pr*y on Orlik-Solomon models implies, by taking duals, that the Lie homomorphism 
fij^ : l)(A(l,r)) —» {0})) sends a, to x*, Oj to —x*, h,- to y*, bj to —y*, and 

to 0 for k 7 ^ z, j; see [18, Definition 4.2]. 

Define f e HomLie(f)(A(2i, {0})), g) by x* 


orv, y* ySvv. By (23), ip = f*j {if ). □ 
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Proposition 4.4. Assume that g ^ 2 . If ip e HomLie(t)(^(^.r))’g)\Hom[ig(t)(A(^,r)),g), 
there is i e V such that ip e f* HomLie(I)(A(Eg, 0)), g). 

Proof. The holonomy Lie algebra of A{'Lg,0) = A{g,Ki) is generated by the ele¬ 
ments {a^,b^,... ,a^,b^} modulo the relation = 0 , hence a morphism f e 

HomLie(l)(A(Zg, 0 )), g) is defined by 2 g elements v\w^,... ,v^,w^ s g satisfying the 
relation 2 i[v^,vv'] = 0 . 

It is sufficient to show that, for ip e HomLie(f)(A(g, T)), g)\ HomLje(l)(A(g, T)), g), there 
is an index i such that, for any j A i and any t, ip{aj) = ip{bj) = 0 : this implies, via ( 11 ), 
that ip{Cjk) = 0 (for any j A k) and, using (15), that [^(0), ^(Z?))] = 0. 

Denote by A and B the span of {ip{af)) and {ip{b%)} respectively. As dimim(^) ^ 2, 
we have to analyze only two cases: 

Case 1: dim(A) = dim(5) = 1. In this case there are two linearly independent 
elements v, w e g and indices (/, s), {k, t) such that 

^(ay) = a’jV, ip{b'j) = j3jW, for any j, r and a' A 0 A fil- 

Relation (13) and [v, w] A 0 imply that /3j = 0 if j A i and r A s; from the hypothesis 
g 'A 2 and relation ( 11 ), we obtain 

ip{Cij) = 0fi][v,w] = a[fi’-[v,w] =0, 

hence 13j = 0 for any j A i and any r. This implies that k = i and, by symmetry, that 
a'j = 0 for any j A i and any r. 

Case 2: dim(A) ^ 2 (by symmetry, the case dim(fi) ^ 2 can be treated in the same 
way). In this case there are indices i = j, s A t and two linearly independent elements 
v*, v' e g such that 

ip{0) = v\ ipia)) = 0 

(i A j contradicts relation (14), since [v^, v'] A 0). For any k A i and any r, we obtain 
from (14) that 

[ip{0),ip{al)] = {ip{a\),ip{al)\ = 0 , h&nct ip{a[) = 0 . 

Using relation (13), the same argument applied to b’y. shows that ip{b’f) = 0 for any k A i 
and any r A s,t. Again from (13), [ip{a\), ip{b^J\ = 0. On the other hand, by (11), 
[^(0), ^(Z?^] = [^(a[), ^(&.)] = 0. Hence, ip{b^^ = 0 for any k A i and r = s,t, and we 
are done. □ 

Propositions 4.3 and 4.4 complete the proof of Theorem 1.3. Similar results were 
obtained in [18], for quasi-projective manifolds with 1-formal fundamental group. (Note 
that {H'{S),d = 0) is a finite model of a quasi-projective curve S, and 
0),g) is computed in Lemma 7.3 from [18], when;^f(5) < 0.) They were based on the 
following algebraic construction. Let A* be a 1 -finite cdga with linear resonance, i.e., 
3%\{A) = [JcsC C is a finite union of linear subspaces of H^{A). For each C e C, let 
A^ A*^^ be the sub-cdga defined by A° = C ■ 1, A^ = C and A^ = A^. 


PARTIAL CONFIGURATION SPACES 


21 


Proposition 4.5 ([18], Proposition 5.3). If in addition d = Q then 

9 ) = (^5 9 ) O' ^{Ac, g), 

CeC 

for g = 5I2 or 50I2. 

Example 4.6. The geometric formulae from Theorem 1.3, based on Orlik-Solomon 
models, seem to he the right extension of the similar results in [18], beyond the 1- 
formal case. Indeed, let us consider for A* = A*(l,r) the linear decomposition of 
I%\A) from Proposition 2.8, case E A 0. We claim that, for each C = imH'^^ff), 
g) = g). when g = 5 I 2 or 50 I 2 . This implies that the algebraic formula 

from Proposition 4.5 reduces in this case to the equality ^{A, g) = ,0'(A, g). On the 
other hand, we have seen that f)(A(2i, {0})) is a free Lie algebra on two generators, and 
therefore ^{A{l.i, {0}), g) contains an element not in ,0^(A(Si, {0}), g). Consequently, 
ifiye E then it follows from Theorem 1.3 that y^.*,^(A(Zi, {0}), g)\,^^(A(l, T), g) A 0. 
Thus, the algebraic formula does not hold. 

To compute I)(Ac), we may replace A^ by )Uc(A^ ^)- N^o^e that dc = D, C is two- 
dimensional generated by Xi — Xj and y, — y/, and (x; — xf) (y,- — yf) A 0. It follows that the 
holonomy Lie algebra l)(Ac) is two-dimensional abelian. Therefore, HomLie(f)(Ac), g) = 
HomLie(l)(Ac), g), as claimed. 
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